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Abstract

We investigate formal power series ideals and their relationship to topological rewriting theory.
Since commutative formal power series algebras are Zariski rings, their ideals are closed for the adic
topology defined by the maximal ideal generated by the indeterminates. We provide a constructive
proof of this result which, given a formal power series in the topological closure of an ideal, consists
in computing a cofactor representation of the series with respect to a standard basis of the ideal. We
apply this result in the context of topological rewriting theory, where two natural notions of conflu-
ence arise: topological confluence and infinitary confluence. We give explicit examples illustrating
that in general, infinitary confluence is a strictly stronger notion than topological confluence. Using
topological closure of ideals, we finally show that in the context of rewriting theory on commutative
formal power series, infinitary and topological confluences are equivalent when the monomial order
considered is compatible with the degree.
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1. INTRODUCTION

Algebraic rewriting systems are computational models used to prove algebraic properties through
rewriting reasoning. For that, one considers a presentation by generators and relations of an algebraic
system, e.g., a monoid or an algebra, and associates to each relation a rewriting rule, consisting in
simplifying one term of the relation into the other terms of the relation. When the underlying algebraic
system is equipped with the discrete topology, two fundamental rewriting properties are termination,
i.e., there is no infinite rewriting sequence, and confluence, i.e., whenever two finite rewriting sequences
diverge from a common term, then these sequences can be extended by finitely many rewriting steps
to reach a common term. When these two properties hold together, rewriting theory provides effective
methods for computing linear bases, Hilbert series, homotopy bases or free resolutions [I} [8l [9, [12], and
for obtaining constructive proofs of coherence theorems, from which we deduce an explicit description
of the action of a monoid on a category [5], or of homological properties such as finite derivation type,
finite homological type [10, [14], or Koszulness [13].

Topological rewriting theory is an extension of discrete rewriting, where the underlying set of terms
admits a non-discrete topology. Such topological rewriting systems appear in computer science, in the
context of rewriting over infinitary X/A-terms [4, [IT], and in abstract algebra, in the context of rewriting
over commutative formal power series [3]. With this topological framework, it is natural to consider not
only finite rewriting sequences, but also rewriting sequences that converge for the underlying topology,
which brings us to two different notions of confluence: topological and infinitary confluences. Each of
these notions allows us to extend diverging rewriting sequences by infinite rewriting sequences having a
common term as a limit. However, the rewriting sequences diverging from the same term have different
natures: they are assumed to be finite for topological confluence, and they converge to limits when one
deals with infinitary confluence. Infinitary confluence is a strictly stronger property in general, explicit
examples are given in Subsection 4.1 of the present paper.

Our objective is to prove that in the context of rewriting over commutative formal power series,
topological and infinitary confluence are actually equivalent properties.

Topological closure of commutative formal power series ideals. Proving that infinitary con-
fluence and topological confluence are equivalent in the context of commutative formal power series
requires to establish that an ideal of a formal power series algebra K[[x1, - -, x,]], where K is a field
of arbitrary characteristic, is closed for the (z1,---,z,)-adic topology. The latter, denoted by 75, is
induced by the metric § which is defined by

1
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where the valuation val(h) of h is the smallest degree of a monomial appearing with a non-zero coefficient
in h. By a general theorem on Zariski rings [15], all the ideals of K[[z1, - - -, z,,]] are indeed closed for the
topology 7s. In this paper, we propose a constructive proof of this result, which is based on rewriting
theory. Indeed, in order to show that any ideal I C K[z, - -, x,]] is equal to its topological closure I, we
fix a finite standard basis G of I, i.e., a generating set of I that induces a topologically confluent rewriting
system over K[[z1, -+, 2,]]. Such standard bases have the property that their leading monomials, for a
given order on monomials, divide leading monomials of all series in /. In Proposition we show how
the definition of the metric ¢ implies that the set of leading monomials of I and I are equal when the
order on monomials is compatible with the degree, in the sense that it is increasing with respect to the
degree. From this, given a commutative formal power series f in I, we get a procedure for eliminating
monomials in f using GG. This procedure constructs at each step a cofactor representation with respect
to G that converges to f. More explicitly, for each s; € G, this yields a coefficient fi(oo) e K[[z1, -, xn]]
proving that f is indeed in I, as stated in our first contribution:



Theorem Let I C K[[z1,- -+, n]] be a formal power series ideal, G = {s1, -+, s¢}
be a finite standard basis of I with respect to a monomial order which is compatible with the
degree, and f be an element in the topological closure of I for the (x1,- - -, x,)-adic topology.

Then, the limit coefficients ( 1(00), e ,fé(oo)> of f relative to G verify:

f:fl(oc)81+...+fé(°°)$£.

In particular, I is closed for the (x1,-- -, zy)-adic topology.

Infinitary and topological confluence for commutative formal power series. As stated above,
infinitary confluence implies topological confluence. In order to show the equivalence of the two notions
for rewriting systems over commutative formal power series, we thus have to show the converse. For that,
we consider a topological rewriting system on K[[z1, - - -, 2:,]], where the rewriting relation is induced by
a subset G C K][x1,- -, z,]] and an order on monomials that is compatible with the degree. In other
words, we have a rewriting step f — h, if we can substitute in f a leading monomial of an element
of G and replace it with the corresponding remainder to get h. We assume that this rewriting relation
is topologically confluent, meaning that whenever a commutative formal power series f rewrites after
finitely many rewriting steps into two commutative formal power series g and h, then the latter rewrite
after possibly infinite rewriting steps into a common limit £. Denoting by — finite rewriting sequences
and by —@ rewriting sequences that have well-defined limits for the (z1,---,x,)-adic topology s,

pictorially, we have:
f
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Infinitary confluence is thus represented by:
f
g ®/ h
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Hence, we have to prove that if we assume topological confluence only, the dashed arrows always exist
in the last diagram. The crucial observation is that since commutative formal power series ideals are
closed for 75, the elements f — g, f — h, and thus also g — h, belong to the ideal I generated by G.
Since the assumption of topological confluence is equivalent to the fact that G is a standard basis of I,
leading monomials of elements of I are always divisible by leading monomials of elements of G, so that



we can rewrite simultaneously g and & as long as we obtain different results:
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The rewriting process stops if gy = hy at some step k, in such case the dashed arrows are constructed.
If not, we show that the sequences (gx),cy and (hg),cy are in fact Cauchy sequences for the metric §
and thus, have limits. The last part of the proof is that these two limits are equal and our main result
is stated as follows.

Theorem Let G CK[[x1, -, xn]] be a set of formal power series, < be a monomial
order that is compatible with the degree, and (K[[x1, -, x,]], 75, —) be the induced topological
rewriting system. Then, — is Ts-confluent if and only if it is infinitary confluent.

2. CONVENTIONS AND NOTATIONS

In Section 2, we recall the construction of algebras of commutative formal power series and the
notion of standard basis for an ideal of commutative formal power series.

In Subsection 3.2, we will consider non-commutative formal power series. From now on, we will drop
the adjective “commutative” when we consider commutative formal power series, and simply specify the
adjective “non-commutative” when we consider non-commutative formal power series.

2.1. Formal power series algebras

Throughout this paper, we fix a positive integer n, a set of indeterminates {xi,---,z,}, and a
field K of arbitrary characteristic. We denote by [z1, -, z,] the free commutative monoid generated
by {z1, -+, xn} and by K[z1,- -+, z,] the algebra of polynomials with indeterminates {x1,- -, z,} and
coefficients in K. For any monomial m = z{* --- ¥~ € [z1,- -, x,], where pq,- -, i, are non-negative
integers, let deg(m) := p1 + -+ + p, be the degree of m. We denote by (f,m) the coefficient of the
monomial m in f for any f € K[z, -+, 2,]. Let supp(f) be the support of f, defined as the set of

monomials that occur in f:
supp(f) :=={m € [z, -, z,], (fym) #£0}.

We denote by K[[z1,- -, x,]] the algebra of formal powers series with indeterminates {z1,---, 2, }
and coefficients in K, defined as the Cauchy completion of K[z, - -, x,] for the metric § defined by

1
vfagEK[-le"')Z‘N]? 6(fag) = ma



where, for h € Klzy,- -, z,], val(h) denotes the lowest degree of the monomials that are in supp(h).
The coefficient of m € [x1, -+, x,] in a formal power series f € K[[x1, -+, x,]] is still written (f, m).

2.2. Standard bases of formal power series ideals

Throughout this subsection, we fix a monomial order < on [x1,---,x,], that is a well-order such
that, for all monomials m,ms, mg € [x1, -, 2], we have the implication

m1 < mo = mimsz < MaMms.

We say that < is compatible with the degree if, for all monomials mq, mg such that deg(m;) is strictly
smaller than deg(ms), it follows that m; < mg. We denote by <,, the opposite order of <. For a
non-zero f € K[[z1,---,x,]], we define the leading monomial and the leading coefficient, that we will
denote Im(f) and le(f), as the greatest monomial for <., that occurs in f and the coefficient of Im(f)
in f, respectively, i.e., we have:

Im(f) := maxsupp(f),  le(f) := (f,1m(f))-

op

We define the remainder of f as:
r(f) = le(f)Im(f) - f.
Notice that either r(f) =0 or Im(r(f)) <op Im(f). Moreover, we verify the following properties:

o Vf e K[z, -, zn]] \ {0}, Ym € [x1,- -, ], Im(mf) = mIlm(f),
o Vf,g € Kl[z1, - 2n]] \ {0}, Im(f + g) <op maxc,, {lm(f),Im(g)},

o Vf e K[[z1, -, xz,]] \ {0}, VA e K\ {0}, Im(Af) = Im(Jf).

Definition 2.2.1. Let I C K[[z1, - -, z,]] be a formal power series ideal and let < be a monomial order
on [x1, -+, xy,]. A standard basis of I with respect to < is a subset G C I such that for every non-zero
formal power series f € I, there exists g € G such that lm(g) divides lm(f).

Recall from [7, Section 6.4] that, for every ideal I C K][xy,- -+, z,]], there always exists a finite
standard basis of I.

3. TOPOLOGICAL PROPERTIES OF FORMAL POWER SERIES
IDEALS

In Subsection 3.1, we provide a constructive proof of the fact that formal power series ideals are
closed for the (z1,---,x,)-adic topology, induced by the metric ¢ defined in . This is a particular
case of a more general result about Zariski rings [I5]. In Subsection 3.2, we recall from [6] that, for
non-commutative formal power series, there exist ideals that are not closed.

3.1. Closure in the commutative case

Let us consider an ideal I C K][[z1,- -, 2,]] and the (z1,-- -, x,)-adic topology 7s, induced by the
metric §. We shall prove that I is closed for 75. To do that, we will work with an arbitrary standard
basis of I, so that we fix a monomial order < on [z1, -+, 2, and a finite standard basis G = {s1,--- , s¢}
of I with respect to <.

Given a subset S C K[[z1, -+, 2,]], we denote by lm(S) the set of leading monomials of non-zero
elements of S:

Im(S) := {lm(f), f € S\{0}}.

We start by showing the following result, in which I denotes the topological closure of I for 5.



Proposition 3.1.1. If the monomial order < is compatible with the degree, then Im(I) = Im(T).

Proof. Since I C I, we clearly have Im(I) C Im(I). Let us show the converse inclusion. Let f € T be
a non-zero formal power series. Then there exist formal power series in I arbitrarily close to f for the
metric §, in particular, there exists g € I such that

1
39 f) < Sqegimy)

meaning that deg(lm(g — f)) > deg(Im(f)). Since the order < is assumed to be compatible with the
degree, we get Im(g — f) > Im(f). Thus, for any monomial m < lm(f), we have (g — f, m) = 0, hence,
we have (g,m) = (f, m). By definition of Im(f), it follows that, on one hand, g is non-zero and, on the
other hand, Im(g) = lm(f). Hence, lm(f) € lm(I), which ends the proof. O

Remark 3.1.2. In Theorem we will show that I is closed, from which we get that Im(I) = Im(I)
is true for any monomial order. However, we were not able to provide a constructive proof of this fact
that works for monomial orders that are not assumed to be compatible with the degree.

In order to show that I is closed in K[[zy,- -, 2,]], we have to show that I is included in I, i.e.,
every f € I belongs to I. For that, we are going to use Proposition to construct, for any formal
power series f in I, a tuple (fi);<;<, of formal power series such that f = fis1 + -+ + fes,. This will
suffice to prove that f belongs to I since the s; are elements of I.

Fix f € I and assume from now on that the monomial order is compatible with the degree. Note
that the latter assumption is not restrictive since we can choose the monomial order we want and work
with it to achieve our goal. Let us construct inductively:

e a sequence N 3 k — ( fi(k)) , of tuples of formal power series,
1<i<

e asequence (Fy),y of formal power series in T and (my,), cn the corresponding sequence of leading
monomials, i.e., for all k € N, my, := lm(Fy,),

e a sequence (i), of indices in {1,---,£} and a sequence (qx),cy of monomials.

Base case: we let, for any ¢ € {1,---,¢}, fi(o) := 0. Notice how we obtain f — Zle fi(o)si el

Induction step: assume that, for each i € {1,---,£}, the sequence (fi(k))k is defined up to and
S — €N
including k£ € N in such a way that:

L
Fp:=f-— Zfz(k)sl el
i=1

e If Fj, = 0, we then have f = f1s1 + -+ + fss¢, where s; € I and f; = fi(k) € K[[z1, -, xn]].
Hence, f € I and it is over.

e Otherwise, the leading monomial my := lm(F}) is well-defined. Since F}, € I and < is compat-
ible with the degree, we have my € lm(I) by Proposition Then, as G is a standard basis
of I with respect to <, there exist i, € {1,---,¢} and g € [x1, -, z,] such that:

my, = lm(s;, )qr. (2)



We then define the (k + 1)’th tuple in the sequence as:

Vi€ {17 . ,f} \ {ik}7 fi(k+1) — fi(k)’

and:

FUHD p) le(Fy)

ik : i IC(Sik)qk.

Notice that:

14
Fk+1 — f _ Z fi(kJrl)Si

i=1
V4
e ey, Me(FR) (k)
_f fik Slk lc(sik)qkszk ;fl SZ
iin
V4
(k) IC(Fk)
= - i Si | T Si
 le(Fr)

IC(Sik) qksik N

By induction hypothesis, we have F}, € I and since s;, € I C I, we get F1 € I.

If at any step k, we get Fy, = 0, we obtain f € I as explained above. Thus, assume from now on
that, for all k£ € N, we have F}, # 0.

Lemma 3.1.3. The sequence of monomials (my), oy is strictly decreasing for the opposite order <qp.
Proof. By construction of iy and g, we find:

arsi, = 1c(si,) (Im(si)ar) — g v(si,) = le(si)my — q 1(siy)-
Hence, since Fy, = lc(Fy)my — r(Fy):

IC(Fk) s,
le(si,) S

Fpiy=Fy —

= lc(Fk)mk — I‘(Fk) — lc(Fk)mk + llsgjk))qk I‘(Slk)
_ le(F) |

- le(sg,)

And thus, from the properties of leading monomials given earlier, we get

qr1(si,) — r(Fr).

IC(Fk)
IC(Sik)

unless, either r(s;, ) or r(F}) is zero, in which case one of the leading monomial is ill-defined. In that case,
we have my41 <op r where r is either g Im(r(s;,)) or Im(r(F})) according to which of the remainders is
well-defined; note how both remainders cannot be simultaneously zero since Fj4+1 # 0. It then follows
from the properties of remainders that:

e = tn(Fn) = (105 g0 1(5,) = H(F1) ) Sop e g Imne(s5,). o).

o qplm(r(s;,)) <op qrlm(s;,) = my if r(s;,) is non-zero and,

o Im(r(Fy)) <op Im(Fy) = my if r(F}) is non-zero.



Hence, in the end, we get: mp1 <op Mi. O

Let us now define a family of ¢ sequences (qgk))k R (qék))k containing monomials or zeros
€N eN

as follows: for any i € {1,---, ¢} define q(O) = 0 and then for any k € N, fix:

i

(k1) _ 1e(si) (1) o)
i 1)

Hence, for any k € N and i € {1, -+, £}, two options arise:

e cither i # ik, in which case fi(kH) = fi(k) and thus qgk'H) =0,

o ori =iy and then ) = f" 4 1&g, and so ¢ T = g
.

In other words, for any ¢ € {1,---,¢} and any k € N, the monomial qz(kH) is non-zero if and only if the

monomial my has been “eliminated” at Step by choosing Im(s;). These sequences then verify, for
any i € {1,---,¢} and any k € N:

k
fi(k) = Z <fi(k)7q1(3)>qgj)'

J=1
ij—1=t

This exhibits, with ¢ and k fixed, that the subsequence Qz(-k) of non-zero elements from (ngj )) e
1<5<

is exactly the support of the formal power series fi(k). Moreover, this (finite) sequence Qik) is strictly

decreasing for the opposite order <,,. Indeed, either the sequence ng) is empty, either it contains a

qgjl) (Jr)

single monomial, in both cases it is then obvious, or ng) = ( g ) contains r > 2 monomials

where j; < --- < j, are indices in {1,---,k}. Note how, for any s € {1,---,r — 1}, qgjs) >op ql(j”l).

Indeed, by definition, we have qgjs) = ¢;,—1 and qgjs“) = gj,,,—1. But, by construction of ng), the

indices chosen at the step for ks := j, — 1 and kf := jsy1 — 1 verify i, = i)y = 4, and so we have
the equalities my, = Im(s;)qx, and my, = Im(s;)qr, . But ks < k§ and the sequence (my,), oy is strictly
decreasing for <,p from Lemma and so Im(s;)qr, >op Im(s;)qr:, which implies gr, >op qr: -

Therefore, by what we just proved, for ¢ € {1,---, ¢} fixed, the sequence (Q(-k)

i ) consists of finite
keN

sequences of monomials that are strictly decreasing for the opposite order <, such that, moreover,
(k2)
P

sequence QEOO) defined as follows: if the sequence (Ql(-k)) ren is ultimately stationary, then define )
€

for any k; < ko, QZ(-kl) is an initial segment of @ Hence, we can consider the (possibly infinite)

(00)
i

as that (necessarily finite) stationary sequence value the sequence takes; otherwise, for any arbitrary
large non-negative integer L, there exists k;, € N such that, for all k& > kr, the finite sequence ng)
contains at least L monomials and, in that case, define the (necessarily infinite) sequence QEOO) as the
map that associates to any L € N the monomial at rank L in any of the sequences ng) for k > kp:
this is indeed independent of the choice of the sequence ng) by the previous initial segments discussion

and, thus, yields a well-defined infinite sequence Ql(.oo). Finally, by construction, the sequence QEOO) of
monomials, regardless of whether it is finite or not, is strictly decreasing for the opposite order <qp.

These facts on these new sequences entail the following proposition.

K2

Proposition 3.1.4. For any i € {1,---,£} fized, the sequence (f-(k))k N 1s a Cauchy sequence.
€



Proof. Using the definition of the sequence (qgk)>k N we obtain
€

le(F)
FOFD g : ( k)qi(k+1)’
C(sik)

in such a way that for any positive integers k1 < ko, we get:

ko—1 ko—1
i i le(F;)
fi(k2) _ fi(kl) _ § <fi(j+1) _ fi(j)) _ ( J)q§J+1). (3)
i=h J5, tetss)

Thus, either the sequence ( f (k)) i is ultimately stationary, it is the case if and only if the index ¢ has
€N

K3

been chosen only finitely many times among the infinite times we went through the step , and in
which case the sequence is obviously a Cauchy sequence. Or the sequence is not ultimately stationary

and then, for any k; € N, there will always exist ky > k1 such that § ( fi(kZ), fi(kl)) > 0. However, for

any real number £ > 0, we can fix

1
K. = min {k €N\ {0}, ¢! # 0 and deg (¢”) > log, (> } |

The integer K. is well-defined since ( fi(k)) is assumed to be not ultimately stationary and the
kEN
(k)

sequence ngo), which contains all non-zero ¢;"’, is strictly decreasing for <., so that the degrees of
the monomials from QZ(-OO) are unbounded because there are finitely many variables and the order is
compatible with the degree. It follows that, for any ko > ki > K., either fi(kz) = fi(kl) in which case
we have § (fi(kZ), fi(kl)) = 0 < ¢, or, the monomial Im (fi(kg) — fi(kl)) is well-defined and satisfies, by

Formula :
Im (fi(kZ) - fi(kl)) < H<13X {q(ﬁl)v qz(jﬂ) #0and by <j < kz} .

?

This maximum is well-defined because the set of the right hand side of the inequality is finite and
non-empty since fi(kz) * fi(kl). Denoting by q§j°+1) that maximum, we get jo+ 1 > k; > K.. Since the
(do+1) (Ke) and thus

sequence ngo) is strictly decreasing for <., we have g; <op 4;
; 1
deg (qi(”“)) > deg (qus)) > log, (6) :

because the order is compatible with the degree. Since q(j of) —1m ( fi(kz) — fi(kl)), the formula means

) (fi(k2)7f¢(kl)) <e.
Since this is true for every ko > k1 and every € > 0, the sequence ( fi(k))k N is a Cauchy sequence. [J
€

From Proposition since K[[z1, -, x,]] is Cauchy-complete, for any ¢ € {1,---,¢}, the se-

quence ( fi(k)> converges to a limit we denote fi(oo).
keN

Definition 3.1.5. The elements ( 1(00), - ,fe(oo)) are called the limit coefficients of f relative to G.

We are now able to prove the main result of the section.



Theorem 3.1.6. Let I C K[[z1, -, x,]] be a formal power series ideal, G = {s1, -+ ,s¢} be a finite
standard basis of I with respect to a monomial order which is compatible with the degree, and f be
an element in the topological closure of I for the (x1,---,xy,)-adic topology. Then, the limit coeffi-

cients (fl(oo), ceey é(oo)> of f relative to G verify:

F= R84+ [0
In particular, I is closed for the (x1,-- -, xy)-adic topology.

Proof. By continuity of algebraic operations, the sequence ( f- Zle fi(k)si)k converges to
eN

L L
m (-3 s ) = -3 1
Jim. (f ;f s> f ;f si.

But then, on one hand:

V4
. B k). B 1 _ 1
klingo J <f Z fl 5 0) o 2limk_,(x, deg (lm(ffo:1 fi(k)s.;)> - 2limy 00 deg(my) *

i=1

On the other hand, Lemma shows that the sequence (myg),y is strictly decreasing for <,p. Thus,
since the order is compatible with the degree and since we have finitely many indeterminates, the
sequence (deg(my)),cy tends to infinity, and thus, we have:

4 L 4
0= lim § (f - fo’“>si,o> =4 <k113010 (f - ;ff’%i) ,o) =4 (f - Zf}“’)si,o) .

i=1 i=1

We finally get f = fl(oo)sl + 4 fe(OO)Sg, which proves that f belongs to I. O

3.2. A counter-example in the non-commutative case

In this subsection, we recall from [6] that ideals of non-commutative formal power series algebras
are not necessarily closed. We also explain why the proof given in Subsection 3.1 does not translate in
the non-commutative case.

Non-commutative formal power series are constructed in the same way as commutative ones, where
we replace the polynomial algebra K[zq,---, x,] by the tensor algebra K(xi,---,x,) over the vector
space with basis {z1,---,2,}. As in the commutative case, the distance § on K{(x1,- -, x,) is defined
by formula §(f, g) := 2= ¥ =9 and K((z1,---,z,)) is the Cauchy-completion of K(z, -, x,) for ¢.

Let K({(z,y)) be the algebra of non-commutative formal power series in two variables z and y and
consider the two-sided ideal I generated by y. Then, from the proof of [6, Lemma 1.2], the series

Z x"yx™,

neN

does not belong to I, but it belongs to the topological closure I of I for the (z,y)-adic topology induced
by 4. That shows that I is not closed in K{{z,y)) for the (z,y)-adic topology.

Notice how this situation would not arise in the commutative case. Indeed, we have for commutative

monomials:
Zm"ym" = Z 2y = <Z a:2"> yel.

neN neN neN

10



The first point where the procedure described in the previous section fails to translate in the non-
commutative case is that a non-commutative formal power series ideal does not necessarily admit a
finite standard basis. However, even if such a finite standard basis exists, our procedure still does

not translate in the non-commutative setting: indeed, Step would require two monomials q}fft

and q,’?gl{1t to factorise the leading monomial my instead of a single one; furthermore, bookkeeping of
the factorisations of reduced monomials is made much harder in the sense that, in contrast with the
commutative case where a single formal power series fi(k) is enough for each ¢ and each k to keep track of
all the previous factorisations of reduced monomials up to step k, in the worst case, as examplified by the
counter-example above, we have to keep track of each factorisation independently of each other, giving
rise to two k-tuples of formal power series (Ll(-l), ey Ll(-k)) and (Rgl), e Rl(k)), for each ¢ € {1,---, ¢},

satisfying:
Lk
Fo=f-Y Y LVsRY.
i=1 j=1

With that in mind, in the case where none of the F}’s are zero, considering the limit process, we would

have
F=3 3 LVsRY.

=1 j=1

However, this is not a cofactor representation of f with respect to the s;’s since it is not a finite
combination of the s;’s with formal power series coefficients.

4. APPLICATION TO TOPOLOGICAL REWRITING THEORY

In Section 4, we show that topological confluence and infinitary confluence are equivalent notions for
rewriting over formal power series. These two properties provide characterisations of standard bases.

4.1. Topological and infinitary confluence

In this subsection, we recall the definition of topological rewriting systems as well as various notions
of confluence associated with them. We also show how these notions are related to each other.

We recall that a topological rewriting system is a triple (A4, T, —), where (A, 7) is a topological space
and — C A x A is a binary relation on A, called rewriting relation. We denote by = the reflexive
transitive closure of — and —& the topological closure of = for the product topology Tcﬁs xXTon Ax A,
where 74, is the discrete topology on A. In other words, we have a = b if and only if there exist an
integer k € N and elements ag, -+ ,ax € A, such that a = a9 — a3 — -+ — ax = b. The integer k is
called the length of the sequence and the case k = 0 means that a = b. Moreover, we have a —© b if and
only if every neighbourhood V of b for 7 contains b’ € V such that « = &’. An element a € A is called
a normal form for — if there is no b € A such that a — b.

Definition 4.1.1. Let (A, 7,—) be a topological rewriting system.

1. The rewriting relation — is said to be confluent if, for every a,b,c € A such that we have a = b
and a = ¢, there exists d € A such that b = d and ¢ = d:

a
b c

N -
~ -

* ok
X %4

d
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2. The rewriting relation — is said to be 7-confluent if, for every a, b, ¢ € A such that we have a = b
and a = ¢, there exists d € A such that b —©d and ¢ —©d:

a
b c

3. The rewriting relation — is said to be infinitary confluent if, for every a,b,c € A such that we
have a —©b and a —© ¢, there exists d € A such that b —-©d and ¢ —©d:

a
b@/ \@c

Remark 4.1.2. Let us highlight one consequence of infinitary confluence that will subsequently be used
to provide counter-examples. Assume that the topological space (A, 7) is a Ty-space, that is to say, for
any a € A, the intersection of all neighbourhoods of a is exactly {a}. Then, infinitary confluence of the
topological rewriting system (A, 7, —) implies that, for any a,b,c € A, where b and ¢ are normal forms
for — such that a —®b and a —© ¢, we have necessarily b = c. Indeed, by infinitary confluence, we know
there exists d € A such that b —©d and ¢ —©d. That is to say, for any neighbourhood U of d in (A, 1),
there exist b, ¢ € U such that b = ¥ and ¢ = ¢/. However, since b and ¢ are, by hypothesis, normal
forms for —, then b = b’ and ¢ = ¢’. In other words, we have that b and ¢ belong to any neighbourhood
of d in (A, 7). Finally, by assumption, (A, ) is a T-space, and, hence, b =d = c.

Since = C —@, confluence and infinitary confluence both imply 7-confluence. The converse implica-
tions are both false in general. A topologically confluent rewriting system that is not confluent is given
by Example which requires to recall how topological rewriting systems over formal power series
are defined. Examples of topologically confluent rewriting systems that are not infinitary confluent are

given in Example [I.1.3] [f.1.4] and [£:2.1]

Example 4.1.3. Consider the following counter-example, given by X = [0,2] C R with the usual
topology 7 and — is defined by

LT . R
_1 1 d _ L 9 _ _1_
2n+1 2n al 2n 2n+1 })
~— ~_
for every n € N. Hence, we have:
7 ! ! F > /t A —
0o— - 1 1 1 1 3 1 15 @2
‘—_ e — *— e — < — | S K~ K~

This rewriting relation is confluent, hence 7-confluent, because every finite rewriting sequence can be
reversed, but it is not infinitary confluent according to Remark [£.1.2] Indeed, the space X is a Tj-space
(being a subspace of the real line) and 0 and 2 are two distinct normal forms for — such that we both
have 1 -0 and 1 —©2.

In the counter-example provided in Example — is T-confluent in part because it is cyclic, i.e.,
we have rewriting loops @ = a of length at least 1. Hence, one can naturally wonder if an example of
a rewriting relation with no rewriting loop of length at least 1 over a Tj-space, that is topologically
confluent but not infinitary confluent exists. The answer is yes, as shown by the following example.

12



Example 4.1.4. Consider X = (NU {o0}) x (NU {o0}), equipped with the product topology 7 of the
order topology over NU {oo}. This is a Hausdorff space and, hence, a Tj-space. A basis for the order
topology over NU {oo} is given by the sets

{neN, a<n<b}, {neN, n<b}, {n e NU{o0}, a < n},
where a € N and b € NU {oco}. Then, consider the rewriting relation — on X given by
(n,m) — (n+1,m) and (n,m) — (n,m+ 1),
whenever n,m € N. The rewriting relation — is confluent, hence 7-confluent, because we have a

rewriting path (n,m) = (n/,m’) if and only if n,n’,m,m’ € N are such that n < n’ and m < m/, so
that we have confluence diagrams:

ey -
(max (n1,n9) , max (my, ma))

But — is not infinitary confluent since we have

(00,0) ® (2,0) (1,0) (0,0) — (0,1) (0,2) ® (0,00),

and (00,0) and (0, 00) are distinct normal forms for — such that (0,0) —& (o0, 0) and (0,0) —& (0, 00)
which, by Remark would need to be equal if the system was infinitary confluent.

4.2. Confluence for rewriting on formal powers series

In this subsection, we recall the construction of topological rewriting systems over formal power
series and prove that in this setting, 7-confluence and infinitary confluence are equivalent properties.

As in the beginning of the paper, we fix a finite set of indeterminates {z1,---,z,}. For a given
monomial order < on [z1,---,2,] that is compatible with the degree, and a fixed set G of non-zero
formal power series, we define the following rewriting relation — on K[z, - - -, z,]]:

A(mIm(s)) + S — ﬁ(mr(s)) +5,

where:

e X € K\ {0} is a non-zero scalar,
e m € [r1, -, 2,] is a monomial,
e s € (G is a non-zero formal power series,

e S eK]xy, -, xy,]] is a formal power series such that mlm(s) & supp(S).

We get a topological rewriting system (K[[z1, - - -, z,]], Ts, =), where 75 is the (21, - - -, z,)-adic topology
induced by the metric § defined in (). Recall from [3, Theorem 4.1.3] that a subset G of K[[z1, -, )]
is a standard basis of the ideal it generates with respect to the monomial order < if and only if the
rewriting relation — is 75-confluent. In this setting, we are able to introduce a topological rewriting
system that is topologically confluent but not confluent.
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Example 4.2.1. Consider the formal power series algebra K[z, y, z]] with the deg-lex monomial order
induced by = > y > z; in particular, it is compatible with the degree. Moreover, we let

G:{z—y,zfx,y—yQ,zfxz}.

Then, every element of I(G) has zero constant coefficient, so leading monomials of non-zero elements
of I(G) are either divisible by z = lm(z — z) = lm(z — y), by y = lm (y - y2), or by z = Im (x — 1:2),
proving that G is a standard basis of I(G) with respect to <. In particular, the topological rewriting
system on K[[z, y, z]] induced by G is 75-confluent. However, it is not confluent because z both rewrites
into y and x, and finite rewriting sequences starting with y and z finish with some powers of y and =,
respectively. These observations are summarised in the following diagram:

In Theorem [£.2.3] we show the main result of Section 4, stating that infinitary confluence and
topological confluence are equivalent properties in the context of formal power series. For that, we fix
a subset G C K[[z1, - -, z,]] and we denote by I the formal power series ideal generated by G-

I:=1(G) CK[[zq,- -, z,]].

We first establish the following result, which is the topological adaptation of a well-known result in the
context of Grobner bases theory [2, Theorem 8.2.7]. Note that the topological closure of formal power
series ideals is used at the end of the proof.

Proposition 4.2.2. For all f,g € K[[z1, -+, z,]], if f —©g, then f —g € I.

Proof. First, if g = f, then there is nothing to prove. Second, if f — g, then we have

A
9= o) ¢

f=A(mlm(s)) + 5, mr(s)) + S,

for A € K\ {0}, m € [z1,---,2s], s € G, and S € K[[z1,--+,x,]] such that mlm(s) ¢ supp(S).
Cancellations ensue in the computation of f — g, and we obtain:

But s € G C I and I is an ideal, therefore f — g € I. Third, if f = g and f # g, then, by induction on
the length k > 1 of the rewriting sequence f = fo — f1 — -+ — fr = g, we have f — g € I. Finally, if
we have f —© g, then, for every integer k € N, there exists f; € K][[x1, -, z,]] such that

1
6(fk?ag) < 277

and f = fz. The sequence (fr)pen then converges to g. From the third case treated in the proof, for

every k € N, we have f— fi € I, so that f —g = limy_,.(f — f) belongs to I. Now, from Theorem
the ideal I is closed, so that f — g € I, which completes the proof. O

We are now in position to prove the main result of Section 4.
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Theorem 4.2.3. Let G C K[z, -, x,]] be a set of formal power series, < be a monomial order that
is compatible with the degree, and (K[[x1,- -, x,]],7s,—) be the induced topological rewriting system.
Then, — is 15-confluent if and only if it is infinitary confluent.

Proof. We only have to show that if — is 7s5-confluent, then it is also infinitary confluent. Hence, we
assume that — is 75-confluent, which, from [3, Theorem 4.1.3], means that G is a standard basis of the
ideal I = I(QG) it generates.

Let f,g,h € K[[x1, -+, x,]] be formal power series such that:

SN

In the following, we shall define two sequences (gr),cy and (hg),cy of elements of K[[zy, -, 2,]]

such that g = g5 and h = hy,, for every k € N. Then, we will show that these two sequences are Cauchy
sequences, hence have limits, and that these two limits are equal, which will conclude the proof. We
construct the two sequences by the following recursive procedure.

Base step: we let gg := g and hg := h.

Recursive step: let k£ € N and assume that we have defined rewriting sequences

where = is the reflexive closure of —, i.e., a — b if a = b or if a — b. If we have g — h, = 0, we
define all subsequent terms of the sequences as g; := gr = hy and h; := hy = gi, for every | > k.
Otherwise, if g — hi # 0, we let

my = Im (gk — hk) .

From Proposition the formal power series f — g, f —h, g — gi, and h — hy, belong to I, so that:
g =l =(9e —9)+ (g —f)+(f —h)+(h—hx) € L.

Since G is a standard basis of I, there exist s € G and m € [x1, -+, z,] such that m; = mlm(s).
Then, we define g1 and hgy1 by rewriting the monomial my if possible, i.e., we let

Gesr = gk — (g ) (mk - lc(ls)@m(s))) ,

hit1 := hi — (hg, my) (mk — @(m r(s))) :

Indeed, we have either gx+1 = gk or gr — gr+1, depending on (g, mg) is equal to zero or not, hence
we have g, — gi+1- In the same manner, we have hy = hi41. Since my, € supp(gx — hi), we cannot
have gr4+1 = gr and hy41 = hy. Moreover, notice that myy1 <op my because (gi, m) = (hj, m) for
every my <op m and my, which does not belong to supp(gx+1) U supp(hgy1), rewrites into a series
consisting of monomials that are strictly smaller than my for <.p, so that (gr41,m) = (hgy1,m)
for every my <op m. Hence, we have myy1 <op mi. Finally, since giy1 and hpi1 are equal or
are obtained from g, and hy by rewriting my into a series consisting of monomials that are strictly
smaller than my, for <, we have (gx+1,m) = (gx, m) and (hg1,m) = (hg, m) for my <op M.
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If for some k € N we have g, — hj, = 0, then letting £ = g, = hi,, we have g = ¢ and h = ¢, and thus:

Now, assume that for every k € N, we have g — hy, # 0. Since for each k € N, we have either g1 # gk
or hri1 # hi, then at least one of the two sequences is not ultimately stationary. However, both of
these sequences are Cauchy sequences. This is obvious if a sequence is ultimately stationary. If not, say,
for instance, (gx),cy is not ultimately stationary, we first prove by induction on i € N that we have, for
every k € N and for every monomial m such that my <o, m:

VieN:  (gr,m) = (gr+i,m). (4)

For i = 0, this is obvious. Assume for i € N. Since (gx1it+1,m) = (gk+i, m) for every monomial m
such that my4; <op m and since my; <op My, because (mk)keN is strictly decreasing for <., we have

<gk+i+17m> = <gk+i7m> = <gk7m>7

for my, <op m, and the induction is over. As <,p, is compatible with the degree, from , we have:
. 1
VZJ{ eN: 6(gk,gk+i) S m.

Since (mg), ey is strictly decreasing, we get that this distance goes to 0 as k,i — 00, i.e., (g&)en 18
a Cauchy sequence. By the same reasoning, we show that (hy),y is also a Cauchy sequence. Using
the Cauchy-completeness of K[[z1, -, z,]], the two sequences have limits, denoted by go, and h.
Moreover, by construction, we have g —® go, and h —& hyo-

It remains to show that g, = hoo. But we have that §(gx, hy) = 27 9°8(™%) for every k € N and,
by general metric spaces properties, the metric § is continuous on K[[z1, -, z,]]? equipped with the
product topology 75 x 75. Hence, 6(goo, hoo) = limg_ye0 6(gr, hi) = limg_yoo 27 9°80™%) - Finally, since
the sequence (my), oy is strictly decreasing for <, and since the order is compatible with degree, it
follows that limg_,~ deg(my) = oo and, thus, d(geo, hoo) = 0 which allows us to conclude goo = hoo-
Denoting that common value by ¢ = g, = hoo, we thus have:

f
SN
g\\ L

N -

N -
N -

®€®

Hence, — is infinitary confluent. O

From [3, Theorem 4.1.3], the rewriting relation — induced by a monomial order < and a set G
of formal power series is Ts5-confluent if and only if G is a standard basis relative to < of the ideal it
generates. Hence, we get the following corollary, whose “only-if” part is in fact what was shown in the
proof of Theorem [:2:3]

Corollary 4.2.4. A set G C K[[z1, -, z,]] @5 a standard basis, relative to a monomial order < that

is compatible with the degree, of the ideal it generates if and only if the rewriting relation induced by G
and < is infinitary confluent.
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